We study the topologically protected Majorana zero modes induced by lattice dislocations in chiral topological superconductors. Dislocations provide a new way to realize Majorana zero modes at zero magnetic field. In particular, we study several different types of dislocations in the candidate material Sr2RuO4. We also discuss the properties of linked dislocation lines and linked dislocation and flux lines. Various experimental consequences are predicted which provide a new approach to determine whether nature of the superconducting phase of Sr2RuO4.
Introduction: Chiral topological superconductors (TSC) in 2D have garnered much attention over the past decade after the prediction that vortices in these superconducting phases harbor bound Majorana zero-modes [1] . This property is an important feature for topological quantum computing architectures which are based on the use of such non-Abelian anyon qubits [2, 3] . It is generally agreed that Sr 2 RuO 4 is a quasi-2D, p-wave superconductor with broken time-reversal symmetry, although the precise nature of the order parameter is still controversial (for a review, see Ref. [4] ). So, while there is no concrete evidence that Sr 2 RuO 4 is a topological superconductor, it is one of the best candidate chiral topological superconductor materials.
The low-energy electronic structure of the normal metal state of Sr 2 RuO 4 is controlled by the t 2g multiplet of dorbitals d xz , d yz , and d xy . These three orbitals give rise to three Fermi-surfaces which are expected to become fully gapped below the superconducting transition temperature at T c ∼ 1.5K. The conventional wisdom indicates that the quasi-2D d xy band dominates the pairing instability and develops a nodeless chiral p x + ip y order parameter [5] . If such an order parameter were generated, then the recently measured half-quantum vortices would indeed bind Majorana fermion states [6, 7] which could be manipulated as qubits. On the other hand, a conflict between the theoretical prediction of chiral surface states in the p x + ip y state, and the clear lack of surface currents measured in Ref. [8] , motivated Raghu, Kapitulnik, and Kivelson (RKK) to make a different, compelling proposal for the nature of the order parameter which is dominated instead by the quasi-1D d xz and d yz orbitals [9] . The RKK order parameter is again, odd-parity/p-wave which breaks time-reversal, but it is not a chiral topological superconductor and should not exhibit chiral edge states. Thus, it is consistent with the measurements of Ref. [8] . The true nature of the order parameter is still an open question, and in light of this one seeks experiments that can distinguish between these two theories.
In this Letter we propose new experiments that can distinguish the two pairing schemes and also provide a new approach to Majorana zero modes. Our key observation is that the RKK order parameter, while trivial in the sense of 2D chiral superconductor, in fact is still nontrivial as a weak topological superconductor. Weak topological superconductors (and insulators) [10] [11] [12] [13] are topological states protected by translation symmetry. They are distinguished by a topological invariant defined in a lower-dimensional sub-manifold of the Brillouin zone (BZ) (recall that the so-called strong invariant depends on the electronic structure in the entire BZ). For example, the 3D weak topological insulators are classified by three Z 2 invariants, which characterize whether the gapped Bloch Hamiltonian restricted to the three 2D planes of k x = π, k y = π, k z = π in the BZ are trivial or quantum spin Hall insulators in that plane. Heuristically, a non-trivial weak invariant indicates a state which is made from stacking up topological states of lower dimensions. Another example is a 2D superconductor in class D (no symmetry) which has two weak Z 2 indices. These exist since there is a strong Z 2 topological superconductor in this class in 1-dimension -the Majorana chain/p-wave wire [13] [14] [15] . We show that the RKK pairing of d xz and d yz bands corresponds to this type of weak topological superconductor. As a consequence, we show that naturally occurring or fabricated crystal defects exhibit a number of remarkable properties that are not shared by the conventional p x + ip y state. These properties are not only useful for a characterization of the superconducting state but may have applications in quantum computing since, as we will show, these defects can trap Majorana zero modes.
3D weak topological superconductors: The noninteracting topological insulators and superconductors in generic dimensions have been classified [13, 15, 16] . Here we are interested in superconductors of class D (without timereversal or spin-rotation symmetry), which have a strong Z 2 topological classification in 1D, Z in 2D, and trivial in 3D. For class D SCs in 3D with translational symmetries we can define weak topological invariants as well-the Chern numbers (which are defined in 2D) can be defined along constant k x , k y or k z planes in the BZ. In a gapped state the Chern number cannot change, so the Chern number in different k z = const planes is the same integer n z . Similarly n x and n y can be defined for the other two planes, as is illustrated in Fig. 1(a) . The integer-valued vector n = (n x , n y , n z ) are the primary weak indices of the 3D TSC. A system with indices n is topologically equivalent to a set of decoupled 2D layers of topological chiral superconductors with non-vanishing Chern number, stacked along the n direction. For any surface plane which is not perpendicular to n, there will be chiral surface states.
Similarly, the 1D Z 2 invariants [14] can be calculated along time-reversal invariant lines in the 3D BZ [17] . The three secondary weak topological invariants are defined as the Z 2 invariants along the three lines Fig. 1 (a) (with ν x,y,z = 0, 1). It can be shown that ν and n together determine the Z 2 invariant along all other time-reversal invariant lines. A TSC with ν = 0 and n = 0 is topologically equivalent to decoupled 1D topological superconductor wires aligned in the direction of ν, each of which has Majorana zero modes at the end. Consequently, for any surface plane that is not parallel to ν there will be Majorana surface states on that surface. A generic TSC with both n and ν non-vanishing can be considered as decoupled layers of 2D chiral TSC coexisting with decoupled wires of 1D TSC. For example, we will show later that the RKK model of Sr 2 RuO 4 (with the additional spin degeneracy ignored) has the weak topological invariants n = (0, 0, 1), ν = (1, 1, 0), which is equivalent to decoupled layers and wires as is illustrated in Fig. 1 (b) . This conceptual decomposition into stacks of lower dimensional systems will be helpful to illustrate our later discussion of dislocation properties. Primary weak topological indices were first discussed in the context of time-reversal invariant topological insulators [10, 11, 18] and subsequently both primary and secondary indices (and beyond) can be straightforwardly extracted for the entire periodic table of topological insulators and superconductors from the K-theory calculation in Ref. 13 . We briefly remark that although we have defined the secondary-index ν as a vector the natural structure is actually an anti-symmetric two-index tensor which can be interpreted as a vector only in 3D. [19, 20] Application in Sr 2 RuO 4 : We will now discuss the electronic structure of the normal metal state of Sr 2 RuO 4 followed by the superconducting pairing scheme as given in the paper by RKK [9] . The three relevant orbitals for the electronic structure are the t 2g multiplet d xz , d yz , d xy which will be labelled by α = 1, 2, 3. The layered structure of Sr 2 RuO 4 makes the system behave quasi-two dimensionally; consequently the first two orbitals are effectively quasi-1D in nature while d xy is quasi-2D. The bandstructure can be modeled using these three orbitals, plus spin, on a simple tetragonal lattice with nearest neighbor, and next-nearest neighbor hoppings. The Bloch Hamiltonian, without spin-orbit coupling, is
where values of in-plane hopping parameters taken from RKK are t = 1.0, t = 0.8, t ⊥ = 0.1, t = 0.3. We have also considered an orbital-hybridization term Λ(k) which arises from next-nearest neighbor hopping between different quasi-1D orbitals in xy plane and which removes the crossings of Fermi surfaces of quasi-1D orbitals. Hopping amplitudes along z are t z 1 and t z 2 for quasi-1D and quasi-2D orbitals, respectively. Due to the layered structure of the lattice, out-of-plane hoppings are negligibly small [21, 22] and we shall consider the 2D limit hereafter. In Fig. 2 we show the Fermi-surfaces due to these orbitals. There are three Fermi-surfaces: two around (k x , k y ) = (0, 0) and one around (k x , k y ) = (π, π). The two quasi-1D Fermi-surfaces from d xz and d yz orbitals do not touch as long as λ = 0. The inner quasi-1D Fermi-surface is a hole pocket, and the outer Fermi-surface is an electron-pocket. The round quasi-2D Fermi-surface arises from the d xy orbital which we assume is completely decoupled in the 2D limit [23] .
We now want to consider the properties of the superconducting state of Sr 2 RuO 4 . For the quasi-2D band we assume triplet p x +ip y pairing. For values of the Fermi-level which lie within the quasi-2D band (which is expected in experiments) this would mean that the system will be a weak 3D topological superconductor with primary index n = (0, 0, 1). For the quasi-1D bands we assume the RKK pairing which we now describe. Since the quasi-1D and quasi-2D orbitals are assumed to be approximately decoupled we can write a reduced two-orbital model for the quasi-1D orbitals:
with λ = 0.1t. The superconducting pairing that RKK propose is spin-triplet and intra-orbital. The pairing functions of orbital α for this chiral superconducting state are
where the direction of d α and the relative phase between d 1 and d 2 are determined by the small spin-orbit coupling. The superconducting pairing winds around the two Fermi surfaces with the same chirality, but since they have the opposite charge character they contribute oppositely to the winding number yielding a vanishing Chern number. However, in a clean system there should be edge states located near k x = 0 and k x = π if, for example we put the system on a cylinder with open boundary conditions in the y-direction and periodic boundary conditions in the x-direction. The energy spectrum for such a system is shown in Fig. 2 with clear low-energy modes near k x = 0, π which develop zero modes exactly at these k-points. These edge states exist because of a non-trivial secondary weak index ν = (1, 1, 0) due to the RKK pairing. Even though n, and other quantities, should be doubled when the spin degeneracy is taken into account, it has no qualitative effect on most of the properties of lattice dislocations we discuss below when the effects of spin-orbit coupling are weak. We defer the discussions of strong spin-orbit coupling to future work.
Properties of dislocations and linked dislocation lines:
In addition to the surface state properties, weak topological indices have profound consequences for the properties of crystal defects such as dislocations [19, 20, 24] . For the 3D crystal we are considering, a lattice dislocation is a line defect around which the ions are displaced by an integer-valued vector b in the lattice vector basis, which is known as the Burgers vector. A dislocation is described by b and another integer-valued vector, the tangent vector of the dislocation l. The relative orientation of b and l determines the type of dislocation: edge (l·b = 0), screw (l parallel to b), and mixed (l neither parallel nor perpendicular to b). While b is a topological property of a dislocation line, l (namely the dislocation-type) is not. Both the primary and secondary weak topological indices can be probed by dislocations. The primary weak indices n lead to N 1 = n · b number of chiral Majorana modes propagating along the dislocation [19] . Note that N 1 is independent of the dislocation direction l and thus topological. The sign of the integer N 1 determines the chirality of the edge state, which is defined with respect to l. This fact can be easily understood for an edge dislocation with n perpendicular to l, in which case the dislocation can be obtained by adding an additional layer of chiral 2D TSC to one side of the dislocation line, as is illustrated in Fig. 3 (a) . The secondary weak indices ν lead to non-chiral 1D Majorana modes if N 2 = (b × l) · ν = 1 mod 2. The modes determined by N 2 are like the "weak" analog of the "strong" modes determined by N 1 . The dependence of N 2 on the variable direction l indicates that topological stability will require an additional symmetry which in this case is translation symmetry along the dislocation (i.e. the direction l cannot change along the dislocation line). The non-chiral Majorana propagating modes are protected by translation symmetry along the dislocation, since its left and right moving branches are around the 1D momenta 0 and π, which cannot be coupled without breaking translation symmetry. Also we see that N 2 is nontrivial only for edge dislocations with b × l = 0. In the topologically equivalent decoupled chain limit (which is appropriate for a system with ν = 0) the dislocation bound states can be understood intuitively, as is illustrated in Fig. 3 (b) . Decoupled 1D Majorana chains along the ν direction terminate at the dislocation line and the Majorana zero modes at their end points couple to form the 1D non-chiral Majorana edge state. It is thus intuitive to take N 1 to be akin to a "strong" dislocation invariant and N 2 to be a "weak" dislocation invariant.
One additional effect that has thus far gone unnoticed is the property of closed dislocation lines which are linked, i.e., dislocation rings. Along a finite-length dislocation ring with nontrivial topological invariants N 1 and/or N 2 , the Majorana fermion energy spectrum becomes discrete, and the boundary condition around the ring determines whether there is an exact Majorana zero mode at zero energy. Interestingly, the boundary condition around a dislocation ring depends on its linking with other dislocation rings and with flux/vortex lines. To illustrate this effect, consider the RKK model with ν = (1, 1, 0) and consider two edge dislocation lines. The first one has b 1 = (1, 0, 0) and is straight along theẑ direction so that l =ẑ. The second one is a circle in the xy plane with b 2 = (0, 0, 1). If these two dislocations are not linked, the Majorana fermion mode along the in-plane dislocation has a finite size gap with no exact zero mode. This can be understood easily in the decoupled-layer limit shown in Fig. 3(c) , in which case the in-plane dislocation circle is the boundary of a single-layer disk, and a finite gap of order 1/R (with R the radius of the circle) is present. In contrast, when the circle encloses the other dislocation line alongẑ direction, in the decoupled layer limit the effect is to introduce an edge dislocation with Burgers vector b 1 in the disk, which introduces an additional Majorana zero mode at the dislocation line. Since Majorana zero modes have to come in pairs, there must also be a Majorana zero mode around the other dislocation with circular shape [25] . Since any generic superconductors can be deformed to the decoupled layer limit (due to the absence of strong invariant in 3D), the number of Majorana zero modes on linking dislocations can be determined only from investigating the decoupled layer limit, which gives the number of Majorana zero modes to be
with N L the linking number of the two edge dislocations. We note that the dependence on l has dropped out which means that N 0 is topological and does not require the addition of translation symmetry along the dislocations. Thus we see that a primary consequence of the secondary weak invariant is the determination of bound states on linked dislocations. If we had left ν as an anti-symmetric tensor this invariant would simply be the contraction of the tensor with the Burgers' vectors of both dislocation lines.
While the primary weak invariant N 1 has no effect in the linking of two dislocations, it does determine the Majorana zero modes when linking occurs between dislocation lines and flux/vortex lines. Obviously when a superconducting vortex ring is linked with a dislocation ring, the boundary condition for the Majorana fermion along the dislocation will change. For odd N 1 such a boundary condition change results in a single Majorana zero mode on the dislocation line, and another one on the vortex line. The exitance of Majorana mode on the dislocation line is determined byÑ 0 =Ñ L N 1 mod 2, wherẽ N L is the linking number between a dislocation line and a vortex line.
Physical consequences: Before we conclude, we now discuss a few measurable experimental consequences of the predicted Majorana fermions bound to dislocations: FIG. 4 . Spatial profile of the lowest energy bound state that is bound to the ends of a dislocation that stretches from x = 40 to x = 120 on the line y = 50. The total lattice size is 160 × 100. The asymmetry in the density profile is due to finite-size error introduced by discretization.
1) The one-dimensional Majorana modes have a constant density of states. Consequently, it contributes a specific heat C V that is linear in temperature, and is proportional to the density of dislocations [26] . Since the dislocations in a Sr 2 RuO 4 sample can be observed by transmission electron microscopy (TEM) [27] , measuring samples with different dislocation density can verify whether C V /T in the low temperature limit is indeed proportional to the dislocation density.
2) Due to the nontrivial primary weak topological invariant n, the dislocations with Burgers vector b =ẑ have chiral Majorana fermion modes. Thus, each such dislocation carries a chiral heat current
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[28] along the dislocation line. With a random distribution of dislocations in the system, the flow direction of the chiral heat current is also random, so that a net chiral heat flow will not be observed. However, the chiral heat current along random dislocations will contribute a thermal conductivity that is proportional to the dislocation density. Furthermore, it is possible to have a system with imbalanced dislocation lines. For example, in a system with a uniaxial strain u zz (y) that has a gradient along the y-direction, it is preferred to have edge dislocations along the x-direction with more Burgers vector b = +ẑ than b = −ẑ. If the density of the b = +ẑ (b = −ẑ) edge dislocations are ρ + (ρ − ) respectively, there will be a chiral heat current density j E = (ρ + − ρ − ) 
. Compared to the thermal current carried by the edge states which is easily overwhelmed by bulk thermal conduction, the dislocation current can be a bulk effect that remains finite in the thermodynamic limit.
3) If there is an edge dislocation ring in the xy-plane (with Burgers vector b 1 =ẑ) and a second edge dislocation along the z-axis threading the ring (with Burgers vector b 2 inplane), then the Majorana zero mode in the second dislocation may be observable by scanning tunneling microscopy (STM). In particular, when the first dislocation is at a crystal surface, it will be a disk-shaped plateau on the surface, threaded by the second dislocation line and be easy to locate using, for example, TEM.
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